The semi-classical approximation is an explicit formula of mathematical physics for the sum of Feynman diagrams with a single circuit. In this paper, we study the same problem in the setting of modular operads [5] ; instead of being a number, the interaction at a vertex of valence n will be an S n -module.
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Wick's theorem gives an integral formula for the generating functions {b g } in terms of {a g }:
As written, this is purely formal, since it involves the integration of a power series in x. It may be made rigourous by observing that the integral transform
−(x−ξ) 2 /2 dx √ 2π induces a continuous linear map on the space of Laurent series Q(( )) [[x] ] topologized by the powers of the ideal ( , x).
The semi-classical expansion is a pair of formulas for b 0 and b 1 in terms of a 0 and a 1 , which we now recall. We now come to the formula for b 1 , known as the semi-classical approximation.
Definition (1.2). Let

Theorem (1.4).
The series b 1 and a 1 are related by the formula
. By the definition of the Legendre transform, we see that (Lf ) ′ • f ′ = x. It follows that Theorem (1.4) is equivalent to the formula
This formula expresses the fact that the stable graphs contributing to b 1 are obtained by attaching a forest whose vertices have genus 0 to two types of graphs:
(i) those with a single vertex of genus 1 (corresponding to the term a 1 ); (ii) stable graphs with a single circuit, and all of whose vertices have genus 0 -we call such a graph a necklace.
The presence of a logarithm in the term which contributes the necklaces is related to the fact that there are (n − 1)! cyclic orders of n objects. The first few coefficients of b 1 are also easily calculated:
The semi-classical approximation for modular operads
In the theory of modular operads, one replaces the sequence of coefficients {v g,n } considered above by a stable S-module, that is, a sequence of S n -modules V ((g, n) ). The analogue of (1.1) is the functor on stable S-modules which sends V to
Thus, the coefficients in (1.1) are promoted to vector spaces, the product to a tensor product, the sum over stable graphs to a direct sum, and the weight | Aut(G)| −1 to colim Aut(G) , that is, the coinvariants with respect to the finite group Aut(G). Note that this definition makes sense in any symmetric monoidal category C with finite colimits. We will need the Peter-Weyl theorem to hold for actions of the symmetric group S n on C; thus, we will suppose that C is additive over a ring of characteristic zero.
Definition (2.2).
The characteristic ch n (V) of an S n -module is defined by the formula
where p σ is the product of power sums p |O| over the orbits O of σ.
Although this definition appears to require rational coefficients, this is an artifact of the use of the power sums p n ; it is shown in [2] that the characteristic is a symmetric function of degree n with values in the Grothendieck group of the additive category C.
Note that rk(f ) is obtained from f by setting the powers sums p n to 0 if n > 1, and to x if n = 1.
The place of the generating functions a g and b g is now taken by
Theorem (8.13) of [5] , whose statement we now recall, calculates b g in terms of a h , h ≤ g. Let ∆ be the "Laplacian" on Λ(( )) given by the formula
.
There is also a formula for b 0 in terms of a 0 . To state it, we must recall the definition of the Legendre transform for symmetric functions. Let
If f is a symmetric function, let f ′ = ∂f /∂p 1 ; this operation may be expressed more invariantly as p ⊥ 1 (Ex. I.5.3, Macdonald [6] ).
The Legendre transform Lf of a function f is characterized by the formula (Lf ) ′ •f ′ = x. For symmetric functions, although the analogue of this formula holds, in the form
the situation is not as simple, since there is no single notion of integral for symmetric functions (the "constant" term may be any function of the power sums p n , n > 1). Neverthless, there is a simple algorithm for calculating Lf from f . Denote by f n and g n the coefficents of f and g = Lf lying in Λ n ⊗ K 0 (C).
This gives a recursive procedure for calculating g ′ n .
(ii) Having determined g ′ , we obtain g from the formula f = Lg,
We now recall Theorem (7.17) of [5] , which is the generalization to modular operads of Theorem (1.3).
Theorem (2.5).
The symmetric function h 2 + b 0 is the Legendre transform of e 2 − a 0 .
The main result of this paper is a formula for b 1 in terms of a 1 and a 0 , generalizing
Theorem (2.6).
Here, φ(n) is Euler's function, the number of prime residues modulo n.
Remark. The first two terms inside the parentheses on the right-hand side of Theorem (2.6) are analogues of the corresponding terms in the formula of Theorem (1.4). In particular, the second of these terms is closely related to the sum over necklaces in the definition of MV((1, n)), as is seem from the formula
The remaining term may be understood as a correction term, which takes into account the fact that necklaces of 1 or 2 vertices have non-trivial involutions (while those with more vertices do not). A proof of the theorem could no doubt be given using this observation; however, we prefer to derive it directly from Theorem (2.3).
If we take the plethysm on the right of the formula of Theorem (2.6) with the symmetric function h 1 − a ′ 0 , and apply the formula (
, we obtain the equivalent formulation of this theorem:
Proof of Theorem (2.6).
The symmetric function b 1 is a sum over graphs obtained by attaching forests whose vertices have genus 0 to either a vertex of genus 1, or to a necklace. In other words,
To prove the theorem, we must calculate the sum over necklaces.
To do this, observe that a necklace is a graph with flags coloured red or blue, such that each vertex has exactly two red flags, each edge is red, and all tails are blue. Let W((n)), n ≥ 1, be the sequence of representations of
think of the first factor of the product S n × S 2 as acting on the blue flags at a vertex, and the second factor as acting on the red flags. Applying Theorem (2.3), we see that
is the sum over stable graphs all of whose edges are red. To impose the condition that all tails are blue, we set the variables q n to zero before taking the Logarithm.
We now proceed to the explicit calculation. We set = 1, since it plays no rôle when all graphs have genus 1. In writing elements of Λ⊗Λ, we will denote power sums in the first factor of Λ by p n , and in the second by q n .
Lemma (2.7).
The characteristic Ch(W) of W is the "bisymmetric" function
Expressing this in terms of power sums, we have
We now apply the heat kernel and separate variables:
We now insert the explicit formulas for the heat kernel of the Laplacian, namely
For the odd variables, matters are quite straightforward:
For the even variables, things become a little more involved:
To perform this gaussian integral, we complete the square in the exponent:
. Thus, the gaussian integral equals
Putting these calculations together, we see that
, and, applying the operation Log, that
The proof of the theorem is completed by the following lemma., applied to f = 1 − a ′′ 0 .
Lemma (2.8).
Let f ∈ Λ⊗K 0 (C) have constant term equal to 1; that is, rk(f ) = 1+O(x). Then
Proof. By definition,
The lemma follows from the formula
which follows by Möbius inversion from d|n φ(d) = n.
Corollary (2.9). Define a g = rk(a g ), b g = rk(b g ), andȧ 0 = rk(ȧ 0 ). Then we have
Example (2.10). Suppose V((0, n)) = 1 1 is the trivial one-dimensional representation for all n ≥ 3, while V((1, n)) = 0. Then MV ((1, n) ) is an S n -module whose rank is the number of graphs in Γ 0 1,n , where Γ 0 1,n ⊂ Γ 1,n is the subset of stable graphs all of whose vertices have genus 0. We have
Theorem (2.6) leads to the following results; the calculations were performed using J. Stembridge's symmetric function package SF for maple [7] . An explicit formula for the generating function of the numbers |Γ 0 1,n | may be obtained from Corollary (2.9), using the formulas
3. The S n -equivariant Hodge polynomial of M 1,n A more interesting application of Theorem (2.6) is to the stable S-module in the category of Z-graded mixed Hodge structures
Let KHM be the Grothendieck group of mixed Hodge structures. The S n -equivariant Serre polynomial e Sn (M g,n ) is by definition the characteristic ch n (V ((g, n) )) ∈ Λ n ⊗ KHM. It follows from the usual properties of Serre polynomials (see [2] or Proposition (6.11) of [5] ) that ch n (MV ((g, n) )) is the S n -equivariant Serre polynomial e Sn (M g,n ) of the moduli space M g,n of stable curves. Since the moduli space M g,n is a complete smooth DeligneMumford stack, its kth cohomology group carries a pure Hodge structure of weight k; thus, the Hodge polynomial of M g,n may be extracted from e Sn (M g,n ). Using Theorem (2.6), we will calculate the Serre polynomials e Sn (M 1,n ).
It is shown in [1] (see also [2] ) that
where L is the pure Hodge structure C(−1) of weight 2. Theorem (2.5) implies that
is the Legendre transform of e 2 − a 0 ; this was used in [1] to calculate e Sn (M 0,n ). Let S 2k+2 be the pure Hodge structure gr
, where H is the local system R 1 π * Q of rank 2 over the moduli stack of elliptic curves. (Here, π : M 1,2 → M 1,1 is the universal elliptic curve.) This Hodge structure has the following properties:
(ii) there is a natural isomorphism between F 0 S 2k+2 and the space of cusp forms S 2k+2 for the full modular group SL(2, Z). (In particular, S 2k+2 = 0 for k ≤ 4.)
It is shown in [3] that
where res 0 [α] is the residue of the one-form α at the origin. We may now apply Theorem (2.6) to calculate the generating function of the S nequivariant Serre polynomials e Sn (M 1,n ). We do not give the details, since they are quite straightforward, though the resulting formulas are tremendously complicated when written out in full. However, we do present some sample calculations, performed with the package SF.
In a table at the end of the paper, we give a table of non-equivariant Serre polynomials of M 1,n for n ≤ 15; these give an idea of the way in which the Hodge structures S 2k+2 typically enter into the cohomology. In particular, we see that the even-dimensional cohomology of the moduli spaces M 1,n is spanned by Hodge structures of the form Q(ℓ), while the odd dimensional cohomology is spanned by Hodge structures of the form S 2k+2 (ℓ).
The rational cohomology groups of M 1,n satisfy Poincaré duality: there is a nondegenerate S n -equivariant pairing of Hodge structures
Unfortunately, our formula for e Sn (M 1,n ) does not render this duality manifest.
The Euler characteristic of M 1,n
As an application of Corollary (2.9), we give an explicit formula for the generating function of the Euler characteristics χ(M 1,n ).
] be the solution of the equation
where
Proof. We apply Corollary (2.9) with the data 
Corollary (4.2).
Proof. To show this, we analytically continue g(x) to the domain C \ [e − 2, ∞). The resulting function has an asymptotic expansion of the form
The asymptotics ((4.2)) follow by applying Cauchy's integral formula to the right-hand side of Theorem (4.1), with contour the circle |x| = e − 2.
The peculiar polynomial ǫ(x) of Theorem (4.1) combines the error terms in the formula for χ(M 1,n ) with the correction terms involvingȧ 0 in Corollary (2.9). Omitting the term ǫ(g(x)) in Theorem (4.1), we obtain the generating function not of the Euler characteristics χ(M 1,n ), but rather of the virtual Euler characteristics χ v (M 1,n ) of the underlying smooth moduli stack (orbifold). The asymptotic behaviour of the virtual Euler characteristics is the same as that of the Euler characteristics, with C replaced by C = e−2 18πe 1/2 ≈ 0.06835794. The ratio between these Euler characteristics has the asymptotic behaviour
giving a statistical measure of the ramification of M 1,n for large n. 
